A new family of sequences is proposed. An example of sequence of this family is more accurately studied. This sequence is composed by the integers n for which the sum of binary digits is equal to the sum of binary digits of n 2 . Some structure and asymptotic properties are proved and a conjecture about its counting function is discussed.
INTRODUCTION
This paper arises from some natural questions about digits of numbers. We are interested in numbers n such that n and n m have a certain relation involving sums of digits. Let B(n) be the sum of digits of the positive integer n written on base 2. This function represents the numbers of ones in the binary expansion of n, or from the code theory point of view, the number of nonzero digits in the bits string representing n, i.e., the so-called 'Hamming weight' of n. It is obvious that B(n) = B(2n), but for a prime p > 2 a relation between B(n) and B(pn) is less trivial [2, 4, 5, 6, 9] .
In this paper we are interested in comparing B(n) with B(n m ). Stolarsky [11] proved some inequalities for the functions r m (n) = B(n m )/B(n). Lindström [8] proved that lim sup n→∞ B(n m )/ log 2 n = m, for m ≥ 2. One can naturally define a family of positive integer sequences.
Definition 1.1.
Let k ≥ 2, l ≥ 1, m ≥ 2 be positive integers. We say that a positive integer n satisfies the property (k, l, m) if the sum of its digits in its expansion in base k is l times the sum of the digits of the expansion in base k of n m .
For every triplet (k, l, m) we have a sequence made up of the positive integers of the type (k, l, m).
The simplest case is (k, l, m) = (2, 1, 2), which corresponds to the positive integers n for which the numbers of ones in their binary expansion is equal to the number of ones in n 2 . This paper is consacrated to the study of the (2, 1, 2)-numbers. The list shows several interesting facts (see Table 1 ). The distribution is not regular. A huge amount of questions, most of which of elementary nature, can be raised.
In despite of its elementary definition, this sequence surprisingly does not appear in literature. Recently, proposed by the author, it appeared on [10] .
Several questions, concerning both the structure properties and asymptotic behaviour, can be raised. Is there a necessary and sufficient condition to assure that a number is of type (2,1,2)? What is the asymptotic behaviour of the counting function of (2,1,2)-numbers?
The irregularity of distribution does not suggest a clear answer to these questions.
In Section 3 we provide some sufficient conditions in order that a number is of type (2,1,2). In particular we explicitely provide several infinite sets of (2,1,2)-numbers, but all these sets are quite thin, and the problem of an exhaustive answer does not appear easy at first sight. .
Let p(n) be the number of (2,1,2)-numbers which does not exceed n.
1 be the counting function of isosquare numbers. There exists a continuous function F (x), periodic of period 1, such that
where α = log 1.6875/ log 2 ≃ 0.75488750, and R(n) = o(n α / log n). Further F (n) is nowhere differentiable.
Sequences constructed in Section 3 yield p(n) ≫ log n. In Section 4 we prove a lower bound p(n) ≫ n 0.025 . Conjecture 1.1 is suggested by a more detailed observation of the list, as well as some similarities with certain functions studied by Boyd et al. [1] .
A discussion on Conjecture 1.1 will be developed in Section 5. Our arguments appear to be confirmed by experimental results done for n < 10 8 .
NOTATIONS
If the binary expansion of n is c 1 c 2 . . . c k , (c i ∈ {0, 1}) we will write n = (c 1 c 2 . . . c k ). The first digit may be 0 so, for example, we allow the notation 3 = (011). We will also denote k times 1 . . . 1 as (1 (k) ), so for example,
This allows to perform arithmetical operations in a more compact manner.
). Let B(n) be the number of 1's in the binary expansion of n. This function, known also as the Hamming weight of n, is used mainly in the theory of algorithms, namely for the study of computational aspects and complexity. So, n is of type (2,1,2) if B(n) = B(n 2 ). Let c ∈ {0, 1} a binary digit. We will use the notation c ′ to indicate the other digit: c ′ = 1 − c. This notation will be very useful in computing the Hamming weight of a number. We will use the property that if
ARITHMETICS AND STRUCTURE PROPERTIES
There are infinitely many (2,1,2)-numbers. Note that if n is an (2,1,2)-number, then 2n is an (2,1,2)-number, and that if n is an even (2,1,2)-number, then n/2 is a (2,1,2)-number. There is no direct dependence between 2n+1 or 2n−1 and n, classical arguments for the study of asymptotic properties of the counting function (see [12] ) cannot be applied. In the following remarks we show some sets of (2,1,2)-numbers.
Remark 3. 1. For every k > 1, the number n k = 2 k − 1 is of type (2,1,2).
In fact, B(n k ) = k, and
so n 2 k also contains k times the digit 1. Table 1 contains 4-tuples of consecutive integers of (2,1,2)-numbers. After the 4-tuple (1, 2, 3, 4) the second one is (316, 317, 318, 319). In fact it is an exercice to show that for every k ≥ 9 and n = 2 k − 2 k−2 − 2 k−3 − 4, the numbers n, n + 1, n + 2 and n + 3 are all of type (2,1,2). The following proposition shows that the set of (2,1,2)-numbers presents a certain gap structure. (10 (k) c 1 c 2 . . . c k ) . Here c i ∈ {0, 1} are binary digits and B ((c 1 c 2 . . . c k )) = B(r) ≥ 1. Let r 2 = (q 1 q 2 . . . q 2k ). We have again B((q 1 q 2 . . . q 2k )) ≥ 1. Hence
The preceding construction cannot be improved. One can easily prove that if n > 5 is odd, then there exists an (2,1,2)-number between 2 n and 2 n + 4 · 2 n 2 . Namely if n = 2m + 1 such a number is 2 2m+1 + 2 m+2 − 1. The proof by check digits in column operations is straightforward.
A LOWER BOUND FOR THE COUNTING FUNCTION
We begin this section with some preliminary lemmata.
Proof. We assume that n is odd. Let n = (c 1 c 2 . . . c k ), with c 1 = c k = 1. Since n < 2 ν we have that k ≤ ν. We have that n(2
If n is even, n ′ = n/2 h is an odd integer for a certain h, and n ′ < 2 ν . Hence
Lemma 4.2. Let n ∈ N and let ν be such that n < 2 ν−1 . Then B(2 ν n + 1) = B(n) + 1 and B((2 ν n + 1) 2 ) = B(n 2 ) + B(n) + 1.
Proof. The proof is straightforward.
. Since m and n are odd, c
Let n 2 = (q 1 q 2 . . . q 2k ) and m 2 = (r 1 r 2 . . . r 2h ). Let mn = (s 1 s 2 . . . s k+h ). We have (n2 ν − m) 2 = (n 2 2 2ν + m 2 ) − nm2 ν+1 , and if 2h ≤ ν + 1 and
Corollary 4.1. If B(n 2 ) = 2B(n) − 1, and ν ≥ k + 2, then 2 ν n − 1 is of type (2, 1, 2) . 
Proof. Let h = k + 1. We have n < 2 h − 1. Let ν = B(n 2 ) − 2B(n) + 2h. We have ν = 2h + a with a ≥ 1. Remark that ν < 4k + 2. The hypotheses of Corollary 4.2 are satisfied, so B(n ′ ) = B(n) + ν − h and
Proof. It suffices to apply twice Lemma 4.2. Remark that n 0 ≪ n 4 .
Theorem 4.1. Let p(n) be the counting function of (2,1,2)-numbers. We have
Proof. Let n = (c 1 c 2 . . . c k ) be an odd positive integer. We will show that for a constant A not depending on n, it is possible to construct a set of n distinct (2,1,2)-numbers not exceeding An 40 . Let consider the n integers n i = 2 k +i, for i = 1, . . . n. We have obviously n i < 4n. 
A PROBABILISTIC APPROACH
Let k be a sufficiently large positive integer. Let n be such that 2 k ≤ n < 2 k+1 . In a binary base, these numbers are made up of a '1' digit followed by k binary digits 0 or 1. So 1 ≤ B(n) ≤ k + 1. Let us consider n 2 . We have 2 2k ≤ n 2 < 2 2k+2 , so its binary expansion contains a '1' digit followed by 2k or 2k + 1 binary digits 0 or 1.
In this section we estimate the asymptotic behaviour of p(n) under a suitable assumption.
We consider B(n) and B(n 2 ) as random variables. Clearly B(n) − 1 follow a binomial random distribution of type b(k, 1/2). Schmid [9] studied joint distribution of B(p i n) for distinct odd integer p i . Here we consider the joint distribution of B(n) and B(n 2 ). We assume that for sufficiently large k, B(n 2 ) − 1 tends to follow a binomial random distribution of type b(2k, 1/2) if 2 2k ≤ n 2 < 2 2k+1 and a binomial random distribution of type
. We assume that B(n) and B(n 2 ) are independent realizations of these random variables.
It is clear that for very small values of B(n), the numerical value of B(n 2 ) is also relatively small, since B(n 2 ) ≤ B(n) 2 , so these variables are not completely independent. But for B(n) > √ log n this phenomenon tends to disappear, and the preceding assumption can be taken in account to an asymptotic behaviour estimate.
Hence Pr(n of type (2, 1, 2) and
This suggests that p(n) ∼ n α with
The least square method applied to (2,1,2)-numbers not exceeding 10 8
gives the value α ≃ 0.73. The difference is due to the fact that there is a small effect of correlation between B(n) and B(n 2 ) for n in a neighbourhood of a power of 2. Hence we conjecture that p(n) ≍ n α / log n. However, a plot of p(n) log n/n α shows more complex details (see Figure 1) . It seems that the limiting function is not derivable. Effectively, as shown by Delange [4] and by Coquet [2] , and more recently by Tenenbaum [12] , if f (n) is a function related to the binary expansion of n, often one has that F (n) = k≤n f (k) has an expression in which periodic functions, often nowhere differentiable, are involved. These properties probably hold in our case, but a direct approach as shown in [12] does not appear possible. This remark, joint with the observation of Figure 1 , justifies Conjecture 1.1.
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